
ABSTRACT

   This paper presents results intended to improve our
understanding of the gains to be made in subsurface
electromagnetic discrimination by employing bistatic
positional, angular, and polarization diversity.  Apply-
ing a 3-D finite element approach eliminates any re-
striction to axisymmetric geometries in targets and en-
vironment; and recent numerical innovations allow us
to perform meaningful 3-D simulations at the worksta-
tion level.  For specificity we assume an incident wave
polarized in the (X,Z) plane of incidence, where Z is
aligned with longitudinal target axis, for orientable tar-
gets.  The simulations show physically explicable gains
in discrimination from bistatic, polarimetric, multi-angle
observation, even at a single frequency with wave-
lengths an order of magnitude larger than characteris-
tic target dimensions.

INTRODUCTION

    It has been reported that over 11,000,000 acres in
the US that are potentially contaminated by UXO [1].
The need for clean up has lent urgency to the quest for
effective discrimination of subsurface objects.  Mea-
surement results that are just appearing in the low fre-
quency broadband induction realm [2] suggest that dif-
ferent metallic objects on the size scale of UXO dis-
play distinct behaviors despite the enormous incident
wavelength relative to object dimensions.  This contra-
dicts our tendency to regard small “particles” as more
or less isotropic Rayleigh scatterers, with little in their
scattering behavior that distinguishes one geometry
from another.

    In the simulations reported here, as in field survey-
ing, low frequencies are chosen because they are un-
hindered by possible soil lossiness which can confound
even shallow subsurface sensing at higher frequencies,
depending upon conditions.  The objects are assumed
to be contained in an infinite medium of relative di-
electric constant 9, typical of moist soil.  Because the
frequencies are low and sensing is very shallow we
neglect conductive losses, though that can easily be
included.  To isolate the effect of target morphology,
we hold the object volume constant while varying shape,
considering a sphere of radius a, a cube of side h, cyl-
inders of diameter D and lengths l equal to D or 3D.
Results from other shapes including flattened cubes,
shorter and longer cylinders, and various spheroids, with
broader band illumination, will be reported elsewhere.
Here, with a fixed volume of 1/16 m3, the target dimen-
sions vary from a cube with l ~ 0.4 m, a sphere with a ~
0.25 m, an “equi-dimensional” or “short” 1 × 1 cylin-
der  with l = D ~ 0.27 m, and an elongated cylinder 1 ×
3  cylinder with D = 0.188 m and l = 0.563 m.
    For specificity we perform all simulations at a fre-
quency of 30 MHz  At the bottom of the GPR range,
this frequency  is low enough so that medium lossiness
should not be a problem, especially in shallow (e.g.
UXO) sensing.  However it entails the limitation that
the wavelength is an order of magnitude greater than
the typical target dimensions.  To avoid limiting the
results to any particular sensor apparatus and to retain
the focus on basic object scattering properties, the inci-
dent beam is assumed to be a plane wave.  It impinges
at various dictated angles relative to the positive Z axis,
which coincides with the longitudinal axis of those tar-
gets that are orientable.  The target is centered at the
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origin, and bistatic scattering results are obtained along
a hypothetical survey transect 1 m above the target, i.e.
at X = 1.  Incident illumination is in the (X,Z) plane,
and we restrict ourselves here to the incident polariza-
tion shown in Fig 1 (Ey = 0; Hz = 0).

SIMULATION APPROACH

  The ultimate source  of the algebraic numerical equa-
tions is Maxwell’s curl equations, with a modification
to include Gauss’s law for magnetic fields.

(1)

where ω is the circular frequency, µ is the medium per-
meability, ε the complex permittivity, and H the mag-
netic field.  We have included the second term, express-
ing the divergence- free character of the associated B
field, to insure against the numerical development of
non-physical, spurious modes in the solutions [3,4,5].
When this equation is multiplied by a weighting func-
tion ϕi(r), then integrated over the domain and vector
integral identities are applied, the required weak form
results:

(2)

where the brackets <...> denote spatial integration over
the entire solution domain and the integrations on the
right hand side are performed over the surface of that
domain. To achieve our finite element formulation we

approximate H as the summation ∑Hjϕj(r), where the
nodal values Hj are to be determined.  Each ϕj(r) is a
basis function that serves to perform a 3-D piecewise
linear interpolation of H between nearby nodes.  Thus
the weighting and basis functions form the same set.
This selection of the Galerkin finite element approach
provides maximum flexibility in treating arbitrary tar-
get and environmental geometry.
   While details of the formulation are provided else-
where [eg references above], a few key points follow
here.  First, we note that we have chosen this form be-
cause it allows us to specify known source excitation
easily.  For our pec targets, the target interior is outside
the solution domain, thus the first integral on the right
hand side of (2) includes its surface.  We solve only for
the scattered fields.  Given a known incident field Einc,
we drive the system by specifying  in the inte-
gral as the negative of .  The target surface
becomes in effect an inner surface and source, located
at the center of our numerical domain.  Choosing the H
field formulation also has the advantage that dielectric
discontinuities in the domain do not impose H field
discontinuities which would require special treatment.
    We must still treat the outer surface of the finite
discretization, which for economy’s sake we want to
locate as near as possible to the target without disturb-
ing its response.  This is accomplished with an perfectly
matched layer (PML) on the exterior of the domain of
interest. Within the PML the medium is considered
anisotropic

(3)

The diagonal tensor Λ has generally unequalcomplex
elements a1, a2, a3, which take on special relationships
in the absorbing layer to preserve the perfect match with
the domain interior [6,7,8].  The anisotropicity allows
the layer to extinguish waves propagating into the outer
boundary from any interior direction.  Equation (1) may
be recast using (3), yielding.

(4)

Material dependent basis functions within the PML also
solve implementation of essential continuity and
uniqueness conditions.  The particular formulation cho-
sen may then be discretized in the same manner as led
to (2) above, retaining many of the desirable features
of isotropic cases, such as matrix symmetry.  Overall,
the program distinguishes itself in implementing  an
anisotropic PML with nodal based finite elements, us-
ing a spurious solution free modified form of the vec-

n̂ E× inc
n̂ E×

∇ × ∇ × − ∇ ∇ ⋅








 − =i i

i
ωε ω µε

µ ω µH H H 0

D E, B H= ⋅ = ⋅ε µΛ Λ

∇ × ⋅ ∇ × + ⋅ ∇ ∇ ⋅










− ⋅ =

−i i

a a a

i

ωε ω µε
µ

ω µ

Λ Λ

Λ

1

1 2 3

0

H H

H

1 1

1

i i
i

dS dS
i

i i i

i i

ωε
ϕ

ω µε
µ ϕ ω µ ϕ

ϕ
ω µε

µ ϕ

∇ ×






× ∇ + ∇ ⋅( )∇ +

= × + ∇ ⋅( )



∫ ∫

H H H

n E n H( ˆ ) ˆ

Z

X

Y

       X=1, Y=0               survey transect

θθθθinc
Hinc

target

Figure 1.  Coordinate, incidence, and target orientations.



tor Helmholtz equation.  The ultimate result allows very
large efficiencies in terms of diminished mesh require-
ments.  While we have used rectilinear mesh termina-
tions for the results reported here, the method itself is
not subject to that restriction.

RESULTS

Fig 2 shows |Hy| values along the transect line par-
allel to Z for normal (θinc = 900) incidence at 30 MHz.
In this and all subsequent cases, we assume a unit inci-
dent magnitude E field, thus the incident H magnitude
is about 10-3 A/m.

The elongated cylinder produces the strongest re-
sponse,  followed by the shorter cylinder, sphere, and
lastly the cube.  Overall, under a considerable variety
of conditions not shown here, the cube produces the
weakest response of all the shapes, for a given material
volume. The incident field tends to induce Z-directed
dipolar current configurations in the targets.  We note
that the relatively elongated cylinder is the most effec-
tive re-radiator because currents on its surface most
easily align coherently, in this case predominantly par-
allel to the Z axis.  For an infinite pec cylinder sub-
jected to oblique incidence with this polarization, in
fact we expect only Z-directed surface currents, despite
possibly strong Ex components in the incident field [9].
    Fig 3 shows bistatic |Hy| results along the same line,
at 300 incidence.  In this instance, most of the target
responses can be distinguished from one another by their
shapes as well as magnitudes.

The elongated cylinder response is most nearly cen-
tered about Z = 0.  This is because its surface current
pattern most nearly forms an electric dipole but has little
phase variation along its length. For more elongated

cylinders (eg 1 × 9 such that l ~ λ, and longer cases) we
see the scattering peak shift more towards the specular
direction (Z ~ –1.2 m). .Here all of the other targets
produce a lobe at least somewhat shifted towards the
incidence direction.  The relatively weak cube response
is by far least varied in magntiude along the transect.
The great similarity in patterns from the sphere and short
cylinder indicate that the prominent flat ends of the lat-
ter do not play a significant in this instance, despite the
angle of incidence.  The completely faceted cube pro-
duces a proportionally greatest amount of forward
scatter.
     The cube and short cylinder show similar responses
in other instances and views, and are generally the hard-
est two cases to distinguish based on their responses.
For example, in the same case run about three orders of
magnitude lower in frequency (25 kHz), the Im{Hy}
components dominates and shows a very similar pat-
tern and relationship.  Remaining with 30 MHz, bistatic
information in the E field components and  in diverse
H components seen from other positions help resolve
ambiguities between sphere and short cylnder response.
Fig 4  shows all H component results for the same cases,
with θinc = 300, but along the line X=1, Z=0, -2 < Y < 2,
thus, along a line orthogonal to the previous transect.

The field patterns all show evidence of strong in-
duced currents in the Z direction, despite the oblique
incidence.  The cube is distinctly the weakest re-radia-
tor, and its scattered |Hv| component is not very strik-
ingly dominant. |Hy| is comparably increased in both
the sphere and short cylinder cases, however in the lat-
ter case the significance of |Hx| is about the same as
that of |Hz|.  This greater |Hx| significance from the short
cylinder is because, despite its eggregiously flattened
ends and short barrel relative to the wavelenth (l/λ<
0.1), the induced currents on the barrel still tend to line
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Figure 2. Patterns of |Hy| at 30 MHz along X = 1, Y = 0
at normal (90°) incidence.

Figure 3. Scattered |Hy| values for cube, sphere, and
cylinders at 30 MHz, 30° incidence.



up somewhat in the manner expected in a long cylinder
(cf 1 × 3 cylinder pattern).  The scattered |Hz| patterns
are consistent with vertical (X-directed) currents, which
decline in significance as the target is more cylindrical
and more elongated.  These inferences are supported
by examination of the corresponding scattered E fields,
not shown. In general the patterns in Fig 5 and their E
field counterparts are not consisent with assuming cur-
rent loops induced on the targets.

CONCLUSION

Three-D finite element simulations show their ben-
efits in simulating bistatic positional, angular, and po-
larization diversity for discrimination of metallic shapes

embedded in a dielectric.  The method freely treats ar-
bitrary shapes beyond the capabilities of BOR programs,
and an anisotropic PML effectively absorbs unwanted
mesh boundary reflections extremely effectively.  The
results show distinctive scattering responses by differ-
ent target shapes, which can generally be related to logi-
cal current patterns induced on the contrasting mor-
phologies.  This is true despite an incident wavelength
approximately an order of magnitude larger than typical
target dimensions, as is often necessarily the case for ra-
dar to penetrate the ground.  Ongoing work focuses on
broadband and time domain simulation, from the audio
frequency electromagnetic induction realm through GPR
frequencies in the 100’s of MHz, where possible still uti-
lizing the diversity of factors varied here..
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Figure 4. H component response along line X = 1, Z = 0 –2 < Y < 2, for four target geometries.
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